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Abstract
Kernel functions related to quantum many-body systems of Calogero-Sutherland
type are discussed, in particular for the elliptic case. The main result is an ellip-
tic generalization of an identity due to Sen that is a source for many such kernel
functions. Applications are given, including simple exact eigenfunctions and cor-
responding eigenvalues of Chalykh-Feigin-Veselov-Sergeev-type deformations of the
elliptic Calogero-Sutherland model for special parameter values.
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1 Introduction
Sen proved in [1] that the quantum many body Hamiltonian
H := −
N∑
J=1
1
mJ
∂2
∂X2J
+
∑
1≤J<K≤N
γJKV (XJ −XK) (1)
for V (r) = 1/[4 sin2(r/2)] and the coupling constants
γJK := λ(mJ +mK)(λmJmK − 1) (2)
has the following exact groundstate
Φ0(X) :=
∏
1≤J<K≤N
θ(XJ −XK)
λmJmK (3)
with θ(r) = sin(r/2), for arbitrary particle number N , coupling parameter λ > 0, and
particle masses mJ/2 > 0. He was also able to compute the corresponding ground state
energy E0 exactly [1]. Sen’s result is a generalization of a well-known result for the Calogero-
Sutherland (CS) [2,3] model (corresponding to the special cases where the particles are non-
distinguishable and mJ = 1 for all J). As discussed in [4], Sen’s identity (H−E0)Φ0(X) = 0
1langmann@kth.se
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holds true for arbitrary real parametersmJ and λ, and this (obvious) generalization is inter-
esting since it has many special cases that provide means to compute exact eigenfunctions
and corresponding eigenvalues of the CS model and, more generally, of Chalykh-Feigin-
Veselov-Sergeev- (CFSV-) type deformations [5–7] of the CS model. The latter are given
by differential operators
HN,N˜(x, x˜) := −
N∑
j=1
∂2
∂x2j
+
∑
1≤j<k≤N
2λ(λ− 1)V (xj − xk)
+λ
N˜∑
J=1
∂2
∂x˜2J
+
∑
1≤J<K≤N˜
2(λ− 1)
λ
V (x˜J − x˜K)
+
N∑
j=1
N˜∑
K=1
2(1− λ)V (xj − x˜K)
(4)
and reduce to the CS Hamiltonian for N˜ = 0 (N and N˜ are non-negative integers such
that N + N˜ ≥ 1, and we write x short for (x1, . . . , xN ) and similarly for x˜). The above
mentioned special cases are identities of the form
(
HN,N˜(x, x˜)−HM,M˜(y, y˜)− C
)
F (x, x˜,y, y˜) = 0 (5)
for some function F and some constant C. We refer to such F as kernel function of the
pair of differential operators (HN,N˜(x, x˜), HM,M˜(y, y˜)) in the following.
In this paper we give a generalization of Sen’s identity to the elliptic case, i.e. to the case
where V (r) is (essentially) the Weierstrass elliptic function ℘(r). We also point out various
special cases of this elliptic identity that provide means to compute exact eigenfunctions
and eigenvalues of the CFSV-deformed elliptic CS (eCS) differential operator in (4), in
generalization of results in [4] (trigonometric limit) and [8–11] (eCS model).
Our Corollary 2.2 generalizes and unifies identities given in [12], (6)–(12) (the latter
correspond to the special cases N˜ = M˜ = 0 and N˜ = M = 0). Generalizations of the
identities in [12] to the relativistic (Ruijsenaars) generalization of the CS-model [13] with
a restriction on parameters as in (16) were recently given by Komori, Noumi, and Shiraishi
[14]; see also [15] and references therein for related results. Identities like in (5) were also
used in other works to construct eigenfunctions CS-type operators, including [14, 16, 17].
We find in this paper exact eigenfunctions of elliptic CS-type differential operators that
can be represented by simple, explicit formulas (Corollaries 3.1 and 3.2). The only other
similar result in the literature we are aware of are BCN variants of the eCS model [19]
(also known as Inozemtsev model [18]) that were found by Go´mez-Ullate, Gonza´lez-Lo´pez,
and Rodr´ıguez to be quasi-exactly solvable for certain special parameter values [20]; see
also [21, 22].
The results in the present paper and in [14] suggest that there should exist a generaliza-
tion of Sen’s identity to the relativistic case, and this identity might be easier to prove than
its special cases found in [14]. This result would also be interesting since, as we expect,
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it should provide means to obtain results for CFSV-type deformations of the Ruijsenaars
models. We also conjecture that there exists a Sen-like identity for Inozemtsev-type models.
The rest of this paper is organized as follows. In Section 2 we present our results, and
in Section 3 we discuss applications. Proofs can be found in Section 4. Some results on
elliptic functions that we need are collected in an appendix.
2 Results
We find it convenient to fix the elliptic function periods as 2ω1 = 2pi and 2ω2 = iβ with
β > 0, and we add a constant to ℘(r) so that the trigonometric limit β → ∞ becomes
simple:2
V (r) :=
∑
m∈Z
1
4 sin2[(r + iβm)/2]
= ℘(r|pi, iβ/2) + c0 (6)
with
c0 :=
η1
ω1
= c1 −
∞∑
m=1
1
2 sinh2(βm/2)
, c1 :=
1
12
. (7)
We also need
θ(r) := sin(r/2)
∞∏
m=1
(1− 2q2m cos(r) + q4m), q := e−β/2 (8)
proportional to the Jacobi theta function ϑ1(r/2, q). We use the short hand notation
|mn| :=
N∑
J=1
mnJ , n = 1, 2, 3. (9)
Our main result is the following.
Proposition 2.1. Let N ∈ N, and λ and mJ complex and non-zero for J = 1, 2, . . . ,N .
Then the differential operator in (1)–(2) with V (r) in (6) and the function Φ0(X) in (3)
with θ(r) in (8) obey the identity
(
H + 2λ|m|
∂
∂β
− E0
)
Φ0(X) = 0 (10)
with the constant
E0 = λ
2
(
(|m2||m| − |m3|)c0 + (|m|
2 − |m2|)|m|c1
)
(11)
and c0,1 in (7).
2Our conventions for special functions are as in [23]. Details can be found in [10], Appendix A.
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(Proof in Section 4.1.)
In the following we are mainly interested in cases where λ > 0 and all mJ are real.
Due to the β-derivative term in (10) it is not possible to interpret Φ0(X) as eigenfunc-
tion of H in general. However, regarding τ := β/(2|m|λ) as (imaginary) time, one can
interpret (10) as (Wick rotated) time evolution equation for quantum many-body systems
with peculiar time dependent two-body potentials, and Proposition 2.1 gives an explicit
solution of this equation. It could be interested to explore this interpretation of (10) and
its consequences further. However, in the rest of this paper we only discuss a very different
application: one can use (10) as a source to obtain kernel functions for pairs of eCS-type
differential operators as in (4) [4].
The key observation is this: One can choose the parameters N and mJ such that H
in (1) is (essentially) a difference of two operators HN,N˜(x, x˜) and HM,M˜(y, y˜) [4]. Indeed,
γJK = 0 in the following four cases: (i) mJ = 1 and mK = −1, (ii) mJ = 1 and mK = 1/λ,
(iii) mJ = −1/λ and mK = −1, and (iv) mJ = −1/λ and mK = 1/λ. One thus can divide
the variables X in four groups x, x˜, y and y˜ where the “mass parameter” mJ is the same for
all variables in each group. Choosing the mJ as 1, −1/λ, −1, and 1/λ in these four groups
the first two groups of variables decouple from the last two groups, and Proposition 2.1
implies the following.
Corollary 2.2. Let N , N˜ , M , and M˜ be non-negative integers and λ complex and non-zero.
Then the function
FN,N˜,M,M˜(x, x˜,y, y˜) :=Ψ
N,N˜
0 (x, x˜)Ψ
M,M˜
0 (y, y˜)
×
(∏N
j=1
∏M˜
J=1 θ(xj − y˜K)
)(∏N˜
J=1
∏M
k=1 θ(x˜J − yk)
)
(∏N
j=1
∏M
k=1 θ(xj − yk)
λ
)(∏N˜
J=1
∏M˜
K=1 θ(x˜J − y˜K)
1/λ
) (12)
with
ΨN,N˜0 (x, x˜) :=
(∏
1≤j<k≤N θ(xj − xk)
λ
)(∏
1≤J<K≤N˜ θ(x˜J − x˜K)
1/λ
)
∏N
j=1
∏N˜
J=1 θ(xj − x˜J)
(13)
and the differential operators HN,N˜(x, x˜) and HM,M˜(y, y˜) in (4) obey the identity
(
HN,N˜(x, x˜)−HM,M˜(y, y˜)+2[(N−M)λ−N˜ +M˜ ]
∂
∂β
−CN,M,N˜,M˜
)
FN,N˜,M,M˜(x, x˜,y, y˜) = 0
(14)
with the constant
CN,M,N˜,M˜ =
(
[N(N − 1)−M(M − 1)]λ2 − (N +M)(N˜ − M˜)λ+ (N −M)(N˜ + M˜)
− [N˜(N˜ − 1)− M˜(M˜ − 1)]/λ
)
c0 +
(
(N −M)[(N −M)2 −N −M ]λ2
− [3(N −M)2 −N −M ](N˜ − M˜)λ+ (N −M)[3(N˜ − M˜)2 − N˜ − M˜ ]
− (N˜ − M˜)[(N˜ − M˜)2 − N˜ − M˜ ]/λ
)
c1 (15)
and c0,1 in (7).
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(Proof in Section 4.2.)
In cases where there is no β-derivative terms, i.e. if the parameters are such that
(N −M)λ = N˜ − M˜ (16)
holds true, we obtain an identity as in (5), i.e. FN,N˜,M,M˜ in (12) is a kernel function for
the pair of differential operators (HN,N˜(x, x˜), HM,M˜(y, y˜)) if (16) holds true. Note that the
restriction in (16) is not present in the trigonometric limit [4].
Remark 2.3. One can show that by redefining the elliptic functions
V (r)→ ℘(r|pi, iβ), θ(r)→ ϑ(r/2, q) (17)
the identities in Proposition 2.1 and Corollary 2.2 hold true as they stand but with the
constants redefined as follows
E0 → λ(N − 1)|m|c0
CN,N˜,M,M˜ → (N + N˜ +M + M˜ − 1)[λ(N −M)− N˜ + M˜ ]c0
(18)
(see Section 4.3 for details). This shows that choosing standard elliptic functions makes
the constants in our result significantly simpler. Our choice has the advantage that the
trigonometric limit β → ∞ is obvious, whereas standard elliptic function requires a non-
trivial multiplicative renormalization. Moreover, for the cases of interest to us the constants
are simple anyway; see the remark below.
Remark 2.4. We are mainly interested in the special cases of (10) where |m| = 0. In such
a case the constants in (11) and (15) simplify significantly as follows,
E0 = −λ
2|m3|c0
CN,N˜,M,M˜ = [−λ
2(N −M) + (N˜ − M˜)/λ]c0.
(19)
Remark 2.5. At first sight it seems one could obtain a generalization of the identity in (14)
from Proposition 2.1 by choosing the “mass parameters” for the four groups of variables as
m, −1/(mλ), −m, 1/(mλ) with arbitrary real m 6= 0. However, multiplying the identity
thus obtained by m and changing λ to λ/m2 one recovers (14). We thus set m = 1 without
loss of generality.
Remark 2.6. Replacing the set of parameters (N, N˜,M, M˜, λ) by (N˜ , N, M˜,M, 1/λ) leaves
the identity in (14) invariant. This suggests that the duality transformation (N, N˜, λ) →
(N˜, N, 1/λ) should be an interesting symmetry of the differential operators in (4). This
symmetry is a generalization of the well-known duality of the Jack polynomials (see e.g. [24])
corresponding to the special cases β →∞ and N˜ = 0; see [4] for further details and results
in the trigonometric limit.
In applications it is convenient to use the following slight generalization of the result in
Corollary 2.2.
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Lemma 2.7. The identity in (14) remains true as it stands if one replaces
FN,N˜,M,M˜(x, x˜,y, y˜)→ cFN,N˜,M,M˜(x, x˜,y, y˜)e
iv[|x|−|y|−(|x˜|−|y˜|)/λ]
CN,M,N˜,M˜ → CN,M,N˜,M˜ + [N −M − (N˜ − M˜)/λ]v
2
(20)
with arbitrary constants v ∈ R and c ∈ C \ {0}, with |x| :=
∑N
j=1 xj etc.
(Proof and physical interpretation in Section 4.4.)
As will become clear in the next section, this result allows one to remove exponential
factors, corresponding to trivial center-of-mass contributions, from eigenfunctions.
3 Applications
In this section we point out various interesting special cases of our results in the previous
section.
As already mentioned, it is not possible in general to interpret (10) as an eigenvalue
equation. However, in case the parameters are such that |m| = 0 this is possible. One
such case of interest to us is obtained from Corollary 2.2 setting M = M˜ = 0 and denoting
CN,N˜,0,0 as E0:
Corollary 3.1. Let N and N˜ be non-negative integers and
λ = N˜/N. (21)
Then ΨN,N˜0 (x, x˜) in (13) with θ(r) in (8) is an exact eigenfunction of the differential operator
HN,N˜(x, x˜) in (4) with V (r) in (6), and the corresponding eigenvalue is
E0 = (N − N˜
2/N)c0 (22)
with c0 in (7).
Another identity where one can construct simple eigenfunctions of the differential oper-
ator HN,N˜(x, x˜) is (14) for M = 1, M˜ = 0, and (N − 1)λ− N˜ = 0, i.e.
(
HN,N˜(x, x˜) +
∂2
∂y2
− CN,N˜,1,0
)
cΨN,N˜0 (x, x˜)P(x, x˜, y)e
iv(|x|−y−|x˜|/λ) (23)
with CN,N˜,1,0 = [−λ
2(N − 1)− N˜/λ]c0 = [N − 1− N˜2/(N − 1)]c0 and
P(x, x˜, y) =
( N∏
j=1
θ(xj − y)
−λ
)( N˜∏
J=1
θ(x˜J − y)
)
(24)
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with constants v ∈ R and c ∈ C \ {0} to be determined; we used the generalization of (14)
pointed out in Lemma 2.7. Inserting θ(x) = (i/2)e−ix/2θˇ(eix) with
θˇ(z) := (1− z)
∞∏
m=1
(1− q2mz)(1− q2m/z) (25)
analytical and non-zero for q2 < |z| < 1, we observe that the function in (24) is equal
to Pˇ(z, z˜, ξ) :=
∏
j θ(zj/ξ)
−λ
∏
J θ(z˜J/ξ) times exp(i[λ(|x| − y) − |x˜|]/2) with ξ := e
iy, up
to some finite and non-zero multiplicative constant; here and in the following we use the
notation
zj := e
ixj , z := (z1, . . . , zN ) (26)
and similarly for x˜ (we inserted Nλ − N˜ = λ to simplify the exponential factor). We
thus find that, for v = −λ/2 and suitable c 6= 0, cP(x, x˜, y) exp (iv[|x| − y − |x˜|/λ] in
(23) is identical with Pˇ(z, z˜, ξ). This latter function can be analytically continued to the
annulus 1 < |ξ| < 1/q2 in the complex ξ-plane and is there equal to its Taylor series∑
n∈Z ξ
−nPn(z, z˜) with functions Pn(z, z˜) that can be computed by contour integrals; see
(29) below. Inserting this and (∂2/∂y2)ξ−n = −n2ξ−n and comparing equal powers of ξ we
obtain the following.
Corollary 3.2. Let N ≥ 2 and N˜ ≥ 1 be integers and
λ = N˜/(N − 1). (27)
Then the differential operator HN,N˜(x, x˜) in (4) with V (r) in (6) has the following exact
eigenfunctions labeled by integers n,
Ψn(x, x˜) = Ψ
N,N˜
0 (x, x˜)Pn(z, z˜) (28)
with ΨN,N˜0 (x, x˜) in (13) and θ(r) in (8), and
Pn(z, z˜) =
∮
dξ
2piiξ
ξn
( N∏
j=1
θˇ(eixj/ξ)−λ
)( N˜∏
J=1
θˇ(eix˜J/ξ)
)
(29)
with θˇ(z) in (25) and the integration contour a circle |ξ| = R of radius 1 < R < 1/q2.
Moreover, the corresponding eigenvalue is
E(n) = n2 + [N − 1− N˜2/(N − 1)]c0 (30)
with the constant c0 in (7).
There are many generalizations of the results above that are, however, more complicated
in general. A particularly interesting special case of the identity in (14) is for N˜ = N and
M˜ = M , i.e. (
HN,N˜(x, x˜)−HN,N˜(y, y˜)
)
FN,N˜(x, x˜,y, y˜) = 0 (31)
with FN,N˜ := FN,N˜,N,N˜ in (12). The latter generalizes a result in [8] for the eCS model (spe-
cial case N˜ = 0) that can be used to construct a perturbative solution of the eCS model
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to all orders [10,11]. It should be straightforward to generalize this solution and construct
eigenfunctions and corresponding eigenvalues of the CFSV-deformed eCS differential oper-
ators. Similarly as in [4], one should also be able to construct different representations of
these eigenfunctions and eigenvalues starting from any identity in (14) whenever (16) holds
true. The complexity of such a representation is determined by M + M˜ : the smaller the
latter the smaller the complexity [4]. The results in Corollaries 3.1 and 3.2 correspond to
cases with the smallest possible complexities M + M˜ = 0 and 1, respectively. It would
be interesting to study these solutions in more detail, but this is beyond the scope of the
present paper.
4 Proofs
This section contains the proofs of the results stated in Section 2.
4.1 Proposition 2.1
The proof of Proposition 2.1 below is a straightforward computations using functional
identities of elliptic functions collected in Appendix A.
With Φ0 in (3) we compute
W :=
1
Φ0
∑
J=1
1
mJ
∂2
∂X2J
Φ0 (32)
where we suppress the common argument X of the functions W and Φ0, here and in the
following. Straightforward computations give
W =
N∑
J=1
(∑
K 6=J
λmKφ
′(XJ −XK) +
∑
K 6=J
λmJmKφ(XJ −XK)
∑
L 6=J
λmLφ(XJ −XL)
)
(33)
with φ(r) in (47) and φ′(r) := ∂φ(r)/∂r; we used (52). We write W =W1 +W2 with
W1 =
∑
1≤K<J≤N
(
λ(mJ +mK)φ
′(XJ −XK) + λ
2mJmK(mJ +mK)φ(xJ − xK)
2
)
(34)
the sum of all two-body terms and
W2 =
∑
1≤J<K<L≤N
λ2mJmKmL
(
φ(XJ −XK)φ(XJ −XL)
+ φ(XK −XL)φ(XK −XJ) + φ(XL −XJ)φ(XL −XK)
) (35)
all three-body terms; all sums were made symmetric with respect to the summation indices
using (52). Inserting the identities in (48) and (49) in (34) we obtain
W1 =
∑
1≤J<K≤N
(
γJKV (XJ −XK)− λ
2mJmK(mJ +mK)[2f(xJ − xK) + c0]
)
(36)
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with γJK in (2). Using (51) and (52) for x = xJ − xK , y = −(xJ − xL) and z = xK − xL
we find
W2 =−
∑
1≤J<K<L≤N
λ2mJmKmL[f(xJ − xK) + f(xJ − xL) + f(xK − xL)]
=− 2
∑
1≤J<K≤N
∑
L 6=J,K
λ2mJmKmLf(xJ − xK).
(37)
Adding W1 and W2 and inserting
∑
L 6=J,KmL = |m| −mJ −mK gives
W =
∑
1≤J<K≤N
(
γJKV (XJ−XK)−2λ
2|m|mJmKf(xJ−xK)−λ
2c0mJmK(mJ+mK)
)
. (38)
From (3) and (50) we conclude
1
Φ0
∂
∂β
Φ0 = −
∑
1≤J<K≤N
λmJmK [f(xJ − xK)− c1] (39)
and thus (32) and (38) imply
1
Φ0
∑
J=1
1
mJ
∂2
∂X2J
Φ0 =
∑
1≤J<K≤N
γJ,KV (XJ −XK) + 2λ|m|
1
Φ0
∂
∂β
Φ0 − E0 (40)
with the constant
E0 =
∑
1≤J<K≤N
(
λ2mJmK(mJ +mK)c0 + 2|m|λ
2mJmKc1
)
. (41)
This is equivalent to (10) with H in (1) and E0 in (11). 
4.2 Corollary 2.2
An outline of how to obtain Corollary 2.2 from Proposition 2.1 is given in the main text.
For completeness we provide the formal details here.
We choose N = N + N˜ +M + M˜ and set mJ = 1 for 1 ≤ J ≤ N , mJ = −1/λ for 1 ≤
J−N ≤ N˜ , mJ = −1 for 1 ≤ J−N−N˜ ≤M , and mJ = 1/λ for 1 ≤ J−N−N˜−M ≤ M˜ .
Denoting XJ as xJ for 1 ≤ J ≤ N , x˜J for 1 ≤ J −N ≤ N˜ , yJ for 1 ≤ J −N − N˜ ≤M , and
y˜J for 1 ≤ J − N − N˜ −M ≤ M˜ we find by straightforward computations that H in (1)
and (2) is equal to HN,N˜(x, x˜)−HM,M˜(y, y˜) as defined in (4), Φ0(X) in (3) is proportional
to FN,N˜,M,M˜(x, x˜,y, y˜) in (12), and E0 in (11) is equal to CN,N˜,M,M˜ in (15). Since obviously
2λ|m| = 2[λ(N −M)− N˜ + M˜ ] this implies the result. 
4.3 Remark 2.3
Equations (1), (3) and (10) imply that, redefining the elliptic functions by β-dependent
constants
V (r)→ V (r) + b0
θ(r)→ B1θ(r), b1 :=
∂
∂β
logB1
(42)
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changes the constant in (41) as follows,
E0 →E0 −
∑
J<K
γJ,Kb0 − 2λ|m|
∑
J<K
λmJmKb1
=E0 −
(
λ2(|m2||m| − |m3|)− λ(N − 1)|m|
)
b0 − λ
2(|m|2 − |m2|)|m|b1
(43)
(we inserted (2) and made a straightforward computation). The claim made in Remark 2.3
corresponds to the special case b0 = c0 and b1 = c1 (some further details are explained
in [12], Remark 1.1). 
4.4 Lemma 2.7
We note that the identity in (10) is invariant under
Φ0(X)→ cΦ0(X)e
iv
∑
N
J=1mJXJ
E0 → E0 + |m|v
2
(44)
for real v and non-zero complex c. Indeed, the function Φ0(X) in (3) is obviously invariant
under translations XJ → XJ + a, for all a ∈ R, and this implies
N∑
J=1
∂
∂XJ
Φ0(X) = 0 (45)
and
HΦ0(X)e
iv
∑N
J=1mJXJ = eiv
∑N
J=1mJXJ
(
H + |m|v2
)
Φ0(X). (46)
Using the generalization of (10) obtained by the substitutions in (44) and restricting to the
special case as in Section 4.2 we obtain the result in Lemma 2.7. 
The substitution in (44) has a natural physical interpretation as a change of the center-
of-mass velocity of the particle system.
Note added: The integrability of the CFSV type deformation of the eCS model in (4) for
N = 1 and V (r) in (6) was proved in [25].3
Acknowledgments. I am grateful to Martin Hallna¨s for helpful comments. This work
was supported by the Swedish Science Research Council (VR) and the Go¨ran Gustafsson
Foundation.
A Elliptic functions
For the convenience of the reader we collect here various properties of the elliptic functions
V (r) in (6) and θ(r) in (8) that we use in Section 2.
3I thank an anonymous referee for pointing this out to me.
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The function
φ(r) :=
∂
∂r
log(θ(r)) (47)
obeys the relations
∂
∂r
φ(r) = −V (r) (48)
and
φ(r)2 = V (r)− 2f(r)− c0 (49)
with the function
f(r) := −
∂
∂β
log(θ(r)) + c1 (50)
and the constants c0,1 in (7). Moreover,
φ(x)φ(y) + φ(x)φ(z) + φ(y)φ(z) = f(x) + f(y) + f(z) if x+ y + z = 0 (51)
with the same function f in (50). We also use
φ(−r) = −φ(r), V (−r) = V (r), f(−r) = f(r). (52)
All these identities are classic; see [10] and [12] for references and elementary proofs.
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